1 Inertial acceleration of the vehicle mass center in body
reference frame

Generally, the absolute acceleration of a particle A in a moving reference frame of center B is:

Aa=dp+aAXTF+d X (JXT)+ 20 X Upel + Apel
Choosing an earth centered reference frame with constant angular velocity (&%) and no accel-

eration yield to the simpler form

— -E -5 —F —E —~rel —rel
Aa, =Wp X (Jp X Mp) + 20 X U + dp

where the subscript E indicate that the vector are expressed in the earth reference frame.

Transforming this vectorial notation to matrix notation and noting that the angular velocity of
Fg relative to Fg is Gf — &GF yield to:

S ~E~E=E ~E el 1
dpp = WEpWETE + 20pUE + dp

We could now expressed this equation in term of component in the body fixed reference frame.

~ - ~E~E=E ~E —rel !
dap = Lppda, = Lpp(Op@pTE + 2050 + dg")

~E —rel

= LBE(:)g(:)gFEEj + 2LBE‘WEUE + ((:)B - (:)E) el st

BUp +dp

We could then transform

~FE l ~FE l ~FE l
Lppwpty’ = (LppwpLes)(Leely ) = wplp

and
~E ~E ~E ~E ~E _E ~E~E
Lppapapre = (Lpe@pLe)(LppwsLep)(LeeTs) = Op05TE
We now have

U5 + GEQEFE + 20t

which simplify to
dap =dg' +(@" + &%) U5 + G5EETg

Defining vector component in Fp
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2 Acceleration of vehicle mass center espressed in a spher-
ical coordinate system relative to rotating earth

The spherical coordinate system is compose of the three vector (€., €\, €,), where &, point in the

direction of the mass center of the vehicle, €, point in the north direction and is perpendicular to

€, €, point east and is perpendicular to both previous vectors. We could also define the direction

of €, with two angle, u is the angle between the equatorial projection of €, and a reference meridian

on the earth. A is the angle between é;. and the equator. We could then define the relative velocity
and acceleration of the point C relative to earth by:

Upel = 7€y + 171 COS A€, + TAEN

el =(F — rA? — rj? cos? Aé.+
27 (1 + 7ji) cos A — 2r\sin \)é, +
wTH K :
(27 A + 7 A 4 72 sin X cos \) @y

We can now derive the inertial velocity and acceleration of C:

Ve =00 + Urel + & X T
= 1€, + r{cos Aé, + rAe\ + wk X ré;,

= 7€ + 1 cos AN(j1 + w)E, + AN

G =G0 +AXT+@X (@ XF) + 28 X Tyeg + Gret

Each term will be evaluate separatly:

@ x (@ x 7) = wk x (wk x rE,)
wk X (wr cos AéEy,)
= w?r cos A\(— cos Aé,. + sin Aéy)

= —w?rcos? A&, + w?r cos Asin \éy,

G X Tpop = whk x (7€, + ricos Ae, + r/.\é}\)
= Wi o8 A&, + wrfi cos AN(— cos A8y + sin A&y) 4+ wrA(— cos A&,

= wcos \(7 — 7A\)E, — wrficos® A&, 4 wrficos Asin A&y

The inertial acceleration of C is then:

do =(F — 1A% — a2 cos® A — 2wrficos? A — w?r cos? \)é,
+ (271 4 i) cos A — 2rfdsin A + 2w cos A7 — 1\)&,,

+ (2FA 4 A + 72 sin A cos A 4 2wrficos Asin A + w?r cos Asin A)éy
which simplify to:
dc =(i — 1A% — r(w + f1)? cos® N)é,
+ (271 4 7ji) cos A — 2rpdsin A + 2w cos A(7 — TA)é,
+ (27X + X + rsin A cos AMw + 1))@



We must now project the inertial acceleration from this vehicled carried frame to the bidy fixed
frame with the conversion matrix based on the euler angle which define the angular position of Fig
relative to Fy .
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We will also use the moment equation:

L=1I1,p— (Iy - Iz)qr

M=1,4—(I,—IL,)rp

N = L7 — (I. — I)pq
3 System of equation

3.1 Independant variable

(¢,0,v) Euler angle defining orientation of the vehicle relative to Fy

(u,v,w) Velocity of the vehicle relative to earth

(p,q,7) Absolute angle rate
(A, i, R) Position of the rocket relative to earth
(ph,¢E,rE) Earth angular velocity in body axis
(P,Q,R) Relative angular velocity of body relative ro Fy expressed in Fg

3.2 List of equations
X —mgsinf = m(t + ¢, + (¢5 + Q)w — (r +r)v)
Y 4 mgcosfsing =m0+ c, + (rh +r)u — (ph + p)w)
Z +mgcos B cos p = m(w + ¢, + (ph + pvw — (¢5 + q)u)

L= pr - (Iy - Iz)qT
M = Iyq - (Iz - Ix)’l"p
N =L+ — (I — I))pq
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